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Abst ract - -The  determination f the diameter of an interconnection network is essential in eval- 
uating the performance ofthe network. Parallelogramic honeycomb torus is an attractive alternative 
to classical torus network due to smaller vertex degree, and hence, lower implementation cost. In 
this paper, we present the expression for the diameter of a parallelogramic honeycomb torus, which 
extends a known result about rhombic honeycomb torus. © 2005 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
The effectiveness of an interconnection network is one of the dominating factors of performance of 
the associated parallel computer. An interconnection network is usually modeled by its underlying 
graph with vertices representing processors and edges representing communication links between 
processors. The diameter of an interconnection network measures the maximum possible delay 
of communications between processors in the network. Hence, the determination of the diameter 
of an interconnection network is essential in evaluating the performance of the network [1]. 
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Stojmenovic [2] proposed three classes of honeycomb torus structures: hexagonal honeycomb 
torus, rectangular honeycomb torus, and parallelogramic honeycomb torus (which includes rhom- 
bic honeycomb torus as particular case). Cho [3] introduced the notion of generalized honeycomb 
tori, which includes the aforementioned three classes of honeycomb tori as special cases. Due 
to lower complexity, and hence, lower implementation cost compared with the classical torus 
networks, honeycomb torus networks have received significant attention [4-13]. In particular, 
Yang [10] gave an expression for the diameter of rhombic honeycomb torus. 
In this paper, we establish an expression for the diameter of a general parallelogramic honey- 
comb torus, which extends a known result about rhombic honeycomb torus. 
2. PREL IMINARIES  
Given a graph G = (V(G), E(G)). Let u and v be a pair of vertices of G, and let S be a set of 
vertices of G. The distance between u and v, denoted e(u, v), is the length of a shortest path 
between u and v. The diameter of G, denoted iam(G), is the maximum distance between two 
vertices of G. The distance between u and S is defined to be de(u, S) = min {de(u, v) : v E S}. 
If there is no ambiguity, the subscript 'G' will be dropped. For fundamental graph-theoretical 
terminology the reader is referred to [14]. 
DEFINITION 2.1. Let m and n >_ m be two positive integers. A parallelogramic honeycomb torus 
of order m x n, PHTm,n, is built according to the following steps (see Figure I for the construction 
of PHT3,4). 
Step 1. Draw m rows of regular hexagons of the same size within a parallelogram (which is 
called the framework of PHTm,n) so that each row consists of n hexagons. Set all 
the vertices of these hexagons to be the vertices of PHT . . . .  and set all the sides of 
these hexagons to be the edges of PHTm,n (Figure la). 
Step 2. Add two vertices and two edges to the previously obtained graph, and then add some 
wraparound edges to the resulting raph (Figure lb). 
(a) Step 1. (b) Step 2. 
Figure 1. Construction ofPHT3,4. 
(a) PHTs,5 = RoHTs. (b) PHTs,6. 
Figure 2. Two parallelogramic honeycomb tori. 
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Figure 3. Construction of TC4. 
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Figure 4. Six triangle graphs. 
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(c). TCs. 
(f). ra6.  
(b) 
Figure 5. Construction of THM2,3. 
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For PHTm,n, m and n are called its height and width, respectively. In particular, PHT,,~ is 
called a rhombic honeycomb torus of order n and is denoted by RoHT,~. In this paper, PHTm,~ 
is also viewed as consisting of (2m + 2) rows of vertices o that each row contains (n + 1) vertices. 
Figure 2 shows two parallelogramic honeycomb tori. 
Next, we define two families of graphs, which will be useful in this paper. 
DEFINITION 2.2. Let n be a nonnegative integer. A triangle graph of order n, TGn, is defined 
in the following way: TCo is a graph on a single vertex. TG1 is shown in Figure 4. When n >_ 2, 
TC,~ is built according to the following steps (see Figure 3 for the construction of TC4). 
Step 1. Draw (n - 1) rows of regular hexagons of the same size within an equilateral triangle 
(which is called the framework of TGn) so that the first row consists of one hexagon, 
the second row consists of two hexagons, . . . ,  and the (n -1 )  th row consists of (n -1 )  
hexagons. Set all the vertices of these hexagons to be the vertices of TC,~, and set 
all the sides of these hexagons to be the edges of TGn (Figure 3a). 
Step 2. Add three vertices and three edges to the resulting graph (Figure 3b). 
Figure 4 shows six small-sized triangle graphs. 
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(a). THM3,~. (b). THM3,a. 
Figure 6. Two trapezoidal honeycomb meshes. 
DEFINITION 2.3. Let m and n be two positive integers. A trapezoidal honeycomb mesh of order 
m x n, THMm,n, is built according to the following steps (see Figure 5 for the construction of 
THM2,3). 
Step 1. Draw m rows of regular hexagons of the same size within an isosceles trapezoid (which 
is called the framework of THMm,,) so that the first row consists of n hexagons, the 
second row consists of (n + 1) hexagons, . . . ,  and the m th row consists of (n 4- m - 1) 
hexagons. Set all the vertices of these hexagons to be the vertices of THMm,,~, and 
set all the sides of these hexagons to be the edges of THM .. . .  (Figure 6a). 
Step 2. Add two vertices and two edges to the resulting raph (Figure 6b). 
In this paper, THMm,n is also viewed as consisting of (2m 4- 2) rows of vertices o that the 
first row consists of n vertices, the second row and the third row each consists of (n 4- 1) vertices, 
the fourth row and the fifth row each consists of (n + 2) vertices, . . . ,  and the (2m 4- 2) th row 
consists of (n ÷ m + 1) vertices. Figure 6 gives two trapezoidal honeycomb meshes. 
3. A PRELIMINARY RESULT 
3.1. A Result about the Triangle Graphs 
Let VF(n) denote the set of all the vertices of TGn lying on the sides of the framework triangle. 
Let 
g(n) = max{d(X, VF (n)): X e V (TGn)}. 
LEMMA 3.1. For n >_ O, g(n) = [(2n 4- 1)/3j. 
PROOF. Look at Figure 4, one can find that 
(a) for n > 3, TG~ contains TG~_a, and 
(b) g(n) satisfies the following recursive quation, 
g(n) =g(~- -3 )+2,  g(0) =0,  g(1) = 1, g(2) = 1. 
The solution of this equation is g(n) =- L(2n 4- 1)/3J. 
3.2. A Result about the Trapezoidal Honeycomb Meshes 
Let VL(rn,n) denote the set of all the nodes of THMm,n lying on the left-hand side of the 
framework trapezoid, let VR(m, n) denote the set of all the nodes of THM,~,~ lying on the right- 
hand side of the framework, and let VBL(m, n) denote the set of the leftmost (m + 1) vertices on 
the bottom side of the framework. Let 
VF (m, n) = VL (m, n) U Vt~ (m, n) U VBL (m, n) , (the darkened vertices in Figure 6), 
h(m,n) = max {d(Z, VF(m,n)) : X e Y (THM,~,~)}. 
LEMMA 3.2. I fn  is even, then h(m, n) = max{n, [(2m + 2n 4- 1)/3J }. 
PROOF. Look at Figure 7. Let ABCD be the framework of THM . . . .  Let E be the (n/2 4- 1) th 
vertex on the second row of vertices of THMm,n (Hereafter, the order is from left to right). Draw 
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Figure 7. Schematic illustrations of the proof of Lemma 3.2. 
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a line through E and parallel to AD, which intersects AB and CD at F and G, respectively. 
Draw a line through E and parallel to BC, which intersects AB and CD at H and I, respectively. 
Let J be the first vertex on the second row. Let K be the (m + 1) th vertex on the (2m + 2) row. 
Then, the following claims are obvious. 
Claim 1. Every vertex within the parallelogram AFGD is at a distance _< n from VL(m, n). 
Claim 2. Every vertex within the parallelogram BHIC is at a distance _< n from VR(m, n). 
Claim 3. G is the (n/2 + 1) th vertex on the (2m ÷ 2) th row. I is the (n/2 + m + 1) th vertex 
on the (2m + 2) th row. d(I, VF(m, n)) = n, which implies him, n) >_ n. 
Next, we distinguish between two possibilities. 
Case 1. K lies between D and G (Figure 7a), or, equivalently, 2m < n. Draw a line 
through K and parallel to AD, which intersects AB at L. Clearly, every vertex in 
the quadrilateral KLHI is at a distance _< n from K. Thus, h(m, n) = n. 
Case 2. K lies between G and I (Figure 7b), or, equivalently, 2m > n + 2. Draw a line 
through K and parallel to AD, which intersects HI at L. Draw a line through L 
and parallel to AB, which intersects FG at M. A little calculation will conclude 
the following claims. 
Claim 4. Every vertex within the quadrilateral GMLI is at a distance < n from VBL(m,n). 
Claim 5. Every vertex on EL or EM or LM is at distance n from VF(m, n). 
Claim 6. The graph within the triangle ELM is isomorphic to TG(2m_n)/2. 
So, h(m, n) = n + g((2m - n)/2) = n + [(2 x (2m - n)/2 + 1)/3J = [(2m + 2n + 1)/3]. | 
LEMMA 3.3. Ira is odd, then h(m,n) = max{n, [(2m + 2n + 1)/3]}. 
PROOF. Look at Figure 8. Let ABCD be the framework of THM . . . .  Let E be the [(n + 1)/2] th 
vertex on the first row of vertices of THMm,n. Draw a line through E and parallel to AD, which 
intersects CD at F. Draw a line through E and parallel to BC, which intersects CD at G. Let H 
be the [(n + 2m + 1)/2] th vertex on the (2m + 1) th row. Let I be the first vertex on the second 
row. Let J be the (m+l )  th vertex on the (2m+2) th row. Then, the following claims are obvious. 
Claim 1. Every vertex within the parallelogram AEFD is at a distance < n from VL(m, n). 
Claim 2. Every vertex within the parallelogram BEGC is at a distance < n from VR(m,n). 
Claim 3. d(H, VF(m, n)) = n, which implies h(m, n) >_ n. 
Next, we distinguish between two possibilities. 
Case 1. J lies between D and F (Figure 8a), or, equivalently, 2m < n - 1. Draw a line 
through J and parallel to AD, which intersects AB at K. Clearly, every vertex 
within the quadrilateral JKEG is at a distance < n from J. Thus, h(m, n) = n. 
Case 2. J lies between F and G (Figure 8b), or, equivalently, 2m > n + 1. Draw a line 
through Y and parallel to AD, which intersects EG at K. Let L be the intersection 
point of EG and the row just below K. Draw a line through L and parallel to AB, 
which intersects EF at M. A little calculation will conclude the following claims. 
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Figure 8. Schematic illustrations of the proof of Lemma 3.3. 
Claim 4. Every vertex in the quadrilateral FMLG is at a distance < n from VBL(m ,n). 
Claim 5. Every vertex on EL or EM or LM is at distance n from VF(m, n). 
Claim 6. The graph within the triangle ELM (not including the border) is isomorphic to 
So, h(m,n) =n+l+g( (2m-n-3) /2 )  =n+l+ [(2x (2m-n-3) /2+l ) /3 ]  = [ (2m+ 
2n + 1)/3j. | 
Combining Lemma 3.2 and Lemma 3.3, we obtain the following. 
LEMMA 3.4. h(m, n) = max{n, [(2m + 2n + 1)/3 j }. 
4. MAIN  RESULT 
In this section, we evaluate the diameter of PHTm,~ by distinguishing two cases: the height is 
even or the height is odd. 
4.1. The  Height  is Even 
LEMMA 4.1. When m is even, 
77% m 
d iam(PHT. , . )=max{h(~,n -m)+(m+1) ,  h (~,n -m- l )+( rn+2)} .  (4.1) 
PROOF. For clarity, we change the drawing of PHTm,,~ so that the following vertices appear 
at the bottom-right corner of the new drawing: the leftmost one vertex on the (m + 4) th and 
(m + 5) th rows, the leftmost wo vertices on the (m + 6) th and (m + 7) th rows, . . . ,  and the 
leftmost m/2 vertices on the (2m + 2) th row (Figure 9). 
Look at Figure 9. Let X be the (m/2 + 1) th vertex on the (m + 2) th row. Now, we check the 
distance between X and any other vertex. To this end, we identify the following points. 
A first vertex on the first row; 
B (m/2 + 1) th vertex on the first row; 
C (m -}- 1) th vertex on the first row; 
D (n + 1) th vertex on the first row; 
E first vertex on the second row; 
F (m/2 + 1) th vertex on the second row; 
G (rrt q- 1) th vertex on the (m + 1) th row; 
H first vertex on the (m + 2) th row; 
I (m + 1) th vertex on the (m + 2) th row; 
J first vertex on the (m + 3) th row; 
K first vertex on the (2m + 1) th row; 
L (m/2 + 2) th vertex on the (2m + 1) th row; 
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A B C D 
Figure 9. Schematic illustrations of the proof of Lemma 4.1. 
M first vertex on the (2m + 2) th row; 
N (m/2 + 1) th vertex on the (2m + 2) th row; 
O (m/2 + 2) th vertex on the (2m + 2) th row; 
P [(2n - m + 2)/2] th vertex on the (2m + 2) th row; 
Q (n 4- 1) th vertex on the (2m + 2) TM row; 
R intersection point of the line passing through BG with the (m + 2) th row; 
S intersection point of the line passing through D and parallel to E/ - /wi th the (m + 2) th 
row; 
T intersection point of the line passing through O and parallel to IN with the (m 4-1) th row; 
U intersection point of the line passing through Q and parallel to HM with the (m 4- 1) th 
row. 
The following claims are obvious. 
Claim 1. Every vertex in the hexagon EFINMH is at a distance _< m from X. 
Claim 2. Every vertex on AB, BC, BG, GL, DS, or JK is at distance m + 1 from X. 
Claim 3. Every vertex on OT, QP, or QU is at distance m 4- 2 from X. 
Claim 4. The graph within the quadrilateral BDSR is isomorphic to THMm/2,,~-m. 
Claim 5. The graph within the quadrilateral OQUT is isomorphic to THMm/2 . . . . .  1. 
In view of the vertex transitivity of PHT . . . .  we have 
diam (PHTm,n) = max {d (Z, Y ) :  Y e Y (PHT,~,~)} 
m m 
=max(h( - -~,n-m)  4-(m4-1), h ( -~,n -m-1)  4-(m4-2)}. | 
LEMMA 4.2. When m is even, diam(PHTm,~) -= max(n 4- 1, [(2m 4- 2n 4- 5)/3J). 
PROOF. When n - m - 1 > 2 x (m/2) - 1, or, equivalently, when n > 2m, it follows from 
Lemma 3.4 that 
) h ,n -m -=n-m, h ,n -m-1  =n=m-1.  
Substituting the above two equations into into equation (4.1), we derive 
diam (PHTm,~) = max {(n - m) 4- (m + 1), (n - m - 1) 4- (m 4- 2)} = n 4- 1. 
When n - m < 2 x (m/2) - 2, or equivalently, when n < 2m - 2, it follows from Lemma 3.4 
that  LIL L h -~,n -m -- 2x -~-4 -2x(n -m)  4-1 = 3 ' 
( ) [1 [  m ]J [2n -m- l J  h 2 ,n -m-1  = 2x-~-+2x(n -m-1)  4-1 = 3 ' 
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Substituting the above two equations into equation (4.1), we derive 
{ [2n-  m.l. 1J [2n -m-  1J } 
diam (PHTm,n) = max 3 + (m ÷ 1), 3 + (m + 2) 
l 
When n - m - 1 = 2 x (m/2) - 2, or, equivalently, when n = 2m - 1, it follows from Lemma 3.4 
that 
h ,n -m =n-m,  
n = 2x-+2xcn-m-l +l = 
Substituting the above two equations into equation (4.1), we derive 
{ L2m-l-t-2n÷5]} { [n÷l÷2n÷5J}  
=max n-I-l, 3 =max n÷l ,  3 =n÷2.  
Combining the above results, we conclude the desired result. 
4.2. The Height is Odd 
LEMMA 4.3. When m is odd, 
diam(PHTm~) = max {h { m ÷ \ - - -~ ,n -  m)  
- - ,n -m-1  +(m÷2)  . 
(4.2) 
PROOF. As with the proof of Lemma 4.1, we change the drawing of PHTm,,~ so that the following 
vertices appear at the bottom-right corner of the new drawing: the leftmost one vertex on the 
(m + 5) th and (m + 6) th rows, the leftmost wo vertices on the (ra + 7) TM and (m + 8) th rows, . . . ,  
and the leftmost (m - 1)/2 vertices on the (2m ÷ 2) th row (Figure 10). 
Look at Figure 10. Let X be the [(m ÷ 1)/2] th vertex on the (m + 2) th row. Now, we check 
the distance between X and any other vertex. To this end, we identify the following points: 
A B C D 
/ 
J 
M N 0 P Q 
Figure 10. Schematic llustrations of the proof of Lemma 4.3. 
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A first vertex on the first row; 
B [(m + 1)/2] th vertex on the first row; 
C (m + 1) th vertex on the first row; 
D (n + 1) th vertex on the first row; 
E first vertex on the second row; 
F [(m ÷ 1)/2] th vertex on the second row; 
G (m ÷ 1) th vertex on the (m + 2) th row; 
H first vertex on the (m ÷ 3) TM row; 
I (m ÷ 1) th vertex on the (m Jr 3) th row; 
J first vertex on the (m ÷ 4) th row; 
K first vertex on the (2m ÷ 1) th row; 
n [(m ÷ 5)/2] th vertex on the (2m ÷ 1) th row; 
M first vertex on the (2m ÷ 2) th row; 
N [(m ÷ 3)/2] th vertex on the (2m ÷ 2) th row; 
O [(m ÷ 5)/2] th vertex on the (2m ÷ 2) th row; 
P [(2n - m ÷ 3)/2] TM vertex on the (2m ÷ 2) th row; 
Q (n ÷ 1) th vertex on the (2m ÷ 2) th row; 
R intersection point of the line passing through BG with the (m ÷ 3) th row; 
S intersection point of the line passing through D and parallel to EH with the (m ÷ 3) th 
row; 
T intersection point of the line passing through O and parallel to IN with the (m÷2)  th row; 
U intersection point of the line passing through Q and parallel to HM with the (m ÷ 2) th 
row. 
The following claims are obvious. 
Claim 1. Every vertex in the hexagon EFINMH is at a distance < m. 
Claim 2. Every vertex on AB, BC, BG, GL, DS, or JK is at distance m ÷ 1 from X. 
Claim 3. Every vertex on OT, QP, or QU is at distance m ÷ 2 from X. 
Claim 4. The graph within the quadrilateral BDSR is isomorphic to THM(m+I)/2,~_m. 
Claim 5. The graph within the quadrilateral OQUT is isomorphic to THM(m-1)/2 . . . . .  1- 
Again, by virtue of the vertex transitivity of PHTm,~, we have 
diam (PHTm,~) = max {d (X, Y ) :  Y e V (PHTm,~)} 
=max{h( -m2~-~ln  m)+(m+l) h (m-1  )+(m+2)} , - , \ ~ , n - m - 1  . | 
LEMMA 4.4. When .~ is odd, diam(PHWm,n) = max(n ÷ 1, [(2m + 2n ÷ 5)/3J). 
PROOF. When n - m >_ 2 x (m + 1)/2 - 1, or, equivalently, when n > 2m, it follows from 
Lemma 3.4 that 
h\  2 ,n -m --n-m, h ~,n -m-1  ---n-m-1. 
Substituting the above two equations into equation (4.2), we derive 
diam (PHTm,n) -- max {(n - m) + (m + 1), (n - m - 1) + (m + 2)} -- n + 1. 
When n - m - 1 _< 2 x ((m - 1)/2) - 2, or equivalently, when n < 2m - 2, it follows from 
Lemma 3.4 that 
= 2x--  • 2x/n m/ llJ 
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Substituting the above two equations into equation (4.2), we derive 
diam (PHT .... ) = max 3 + (m + 1), 3 + (m + 2) 
= max { [2m + 2n + 5 J3  , [2m + 4J } = [2m + 2n + 51:3  . 
When n - m - 1 = 2 × ((m - 1)/2) - 1, or equivalently, when n = 2m - 1, it follows from 
Lemma 3.4 that 
[/rn + 1 ) [3 [  m+l  h~---~,n-m = 2× 2 
m-1  ) h(Tn-m-1  =n-m-1. 
- -+  2× (n-m)+ l]J = [l (2n-m +2)j , 
Substituting the above two equations into equation (4.2), we derive 
diam (PHT,~,n) = max 3 + (m + 1), (n - m - 1) + (m + 2) 
= max { [2m + 2n + 5 J3  ,n + 1} = max { [n + +1 32n+5] ,n+ 1} = n + 2. 
Combining the above results, we derive the desired result. 
Combining Lemma 4.2 and Lemma 4.4, we establish the main result of this paper as follows. 
THEOREM 4.5. diam(PHTm,~) = max(n + 1, [(2m + 2n + 5)/3]). 
Yang [10] found that diam(RoHT~) = [(4n + 5)/3], which is a corollary of Theorem 4.5. 
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